Abstract. Heretofore one of the issues which has not considered in DEA sensitivity analysis is modification in the number of decision making units. In this paper some of DMUs are deleted and the influence of it (deleting one or multiple DMUs) is examined. At first two systems are presented for determining the influence of deleting one or multiple DMUs on efficiency status of other DMUs. Then a model is presented for minimizing the number of deleted DMUs such that an inefficient unit becomes efficient. Finally the presented model and systems are utilized for a set of DMUs and the results are reported.
Introduction
Data envelopment analysis is a method for obtaining the relative efficiency of decision making units that consume multiple inputs to produce multiple outputs. The first model in DEA, CCR model was proposed by Charnes et al (1978) .Then Banker et al (1984) introduced BCC model with removing constant returns to scale condition. A review of DEA can be found in (Cook et al, 2009 ). One of the important issues in data envelopment analysis (DEA) is sensitivity analysis. The first DEA sensitivity analysis paper was presented by Charnes et al (1985) that examined change in a single output. Later many studies have been conducted in changing the multiple inputs and outputs by Seiford et al (1998) , Joe Zhu (2001) , Cooper et al (2001) , G.R. Jahanshahloo et al (2004 Jahanshahloo et al ( , 2005a Jahanshahloo et al ( , 2005b Jahanshahloo et al ( , 2012 and etc. Heretofore the data modification of inputs and outputs has been considered in DEA sensitivity analysis papers. In this paper one or multiple DMUs are deleted and the influence of it on efficiency status of other DMUs is studied.
The current study is organized as follows: First some basic DEA models and related concepts are reviewed. Then two systems are presented for recognizing the influence of deleting one or multiple ِ DMUs. Furthermore a model is presented for minimizing the number of deleted DMUs such that an inefficient DMU becomes efficient. Thereafter through an example the presented systems and model are utilized for a set of DMUs. Finally the results have been synthesized and concluded.
Preliminary
Suppose n DMUs are evaluated, with m inputs and s outputs.
are sequentially inputs and outputs of DMU for ݆ ൌ 1, … , ݊. Banker et al (1984) defined production possibility set with variable return to scale as follows:
The multiplier form of BCC model in input oriented is as follows:
Where o is the index of evaluated DMU and ߝ 0 is a non-Archimedean element.
Definition1 DMU is efficient if the optimal value of objective function of model (1) equals one, otherwise it is inefficient.
Deleting one or multiple DMUs
This section is going to consider the influence of deleting one or multiple DMUs on the efficiency status of other DMUs. Deleting some DMUs is equivalent to deleting some constraints of model (1) . So the optimal value of objective function is not decreased. It means with deleting any DMU the other efficient DMUs are still preserved their efficiency but the inefficient DMUs may be preserved their inefficiency or changed to efficient ones. In this section At first a system is presented for recognizing the influence of deleting one DMU on efficiency status of other DMUs. Then the presented system is generalized for deleting multiple DMUs. Thereafter a model is presented for minimizing the number of deleted DMUs such that an inefficient DMU becomes efficient.
1 Deleting one DMU
If a DMU is not an extreme efficient, deleting it will not change the production possibility set. So absence or presence of this DMU has not any effect on the efficiency score of other DMUs. Therefore we consider the deleted DMU is an extreme efficient. With utilizing the system which is presented in this section it can be recognized with deleting which one of extreme efficient DMUs, an inefficient DMU will become efficient. Consider DMU and DMU are sequentially an extreme efficient and an inefficient DMU. Now we want to see whether the inefficient DMU will become efficient or it still preserves its inefficiency through deleting DMU . For finding out, the following system is considered.
Theorem1: Suppose that DMU and DMU are sequentially an extreme efficient and an inefficient DMU. System (2) has a feasible solution iff with deleting DMU , DMU becomes efficient.
Proof. With noticing to this point that any feasible solution of system (2) is an optimal solution of model (1) (In absence of the constraint corresponding to DMU ) with optimal objective of 1, the proof is straightforward. ■
2 Deleting multiple DMUs
Now we want to investigate the influence of deleting multiple DMUs on efficiency statues of an inefficient DMU. Suppose that the influence of deleting DMU భ , … , DMU ೖ on efficiency status of inefficient DMU is considered. To this end system (2) is generalized as follows:
Theorem2: Suppose that DMU is an inefficient DMU. System (3) is feasible iff with deleting DMU భ , … , DMU ೖ simultaneously, DMU becomes efficient.
Proof. The proof is similar to Theorem1. ■ Notice that it may be no need to delete all of the DMU భ , … , DMU ೖ to make DMU efficient. If the objective is to find out the minimum number of DMUs among DMU భ , … , DMU ೖ which should be deleted whereas DMU becomes efficient, the following model is suggested:
Where ‫ܯ‬ is a very large positive number.
Theorem3:
If the inefficient DMU becomes efficient with deleting DMU భ , … , DMU ೖ simultaneously, then model (4) is feasible.
Proof. According to theorem2, system (3) is feasible. Any feasible solution of this system together with ‫ݐ‬ భ ൌ 1, … , ‫ݐ‬ ೖ ൌ 1 is a feasible solution of model (4). ■
Theorem4:
If the inefficient DMU becomes efficient with deleting DMU భ , … , DMU ೖ simultaneously, then the optimal value of objective function of model (4) is equal to minimum number of DMUs among DMU భ , … , DMU ೖ which should be deleted whereas DMU becomes efficient. 
Example
Now we use the presented systems and model in this paper for a set of DMUs. Consider the data related to twelve DMUs with two inputs and two outputs in Table1. These data are extracted from Cooper et al (2007) . Evaluating these DMUs through model (1) has been revealed that DMUs A, B, D, G, J, K, and L are efficient. It is noteworthy to mention that the results presented in this example are obtained through using the software DEA-Solver and Lingo. On the other hand by deleting any of the efficient DMUs which are shown in the first column of table2 is concluded systems (2) and (3) are infeasible for ‫ܷܯܦ‬ ൌ ‫.ܪ‬ Now systems (2) and (3) for determining the influence of deleting the efficient DMUs on status of efficiency of C,E,F,I are solved and corresponding results are given in table 3,4,5,6. In these tables when system (2) or (3) is feasible, the value of variables are given. Now through solving model (4) we can determine the minimum number of efficient DMUs among ሼ‫,ܣ‬ ‫,ܤ‬ ‫,ܦ‬ ‫,ܩ‬ ‫,ܬ‬ ‫,ܭ‬ ‫ܮ‬ሽ that should be deleted in a way that the inefficient units become efficient. For this purpose we solve model (4) through using the software Lingo (Let M= 10 , ߝ ൌ 10 ିହ )and the related results is reported in table7.
Table7
Optimal value of objective function of model (4)
In Table7 ‫ݖ‬ * ൌ 1 for DMU ୭ ൌ C, E and I. This means the minimum number of DMUs among ሼ‫,ܣ‬ ‫,ܤ‬ ‫,ܦ‬ ‫,ܩ‬ ‫,ܬ‬ ‫,ܭ‬ ‫ܮ‬ሽ that should be deleted in a way that C or E or I becomes efficient is equal to 1. As it can be seen in Table( 2), C becomes efficient by deleting B, E becomes efficient by deleting A but I becomes efficient by deleting any of A or B. on the other hand ‫ݖ‬ * ൌ 3 for DMU ୭ ൌ F that means the minimum number of deleted DMUs for this unit is equal to 3, As it can be seen in Table ( 2), too. Deleted DMUs for F are J, K and L. Furthermore model (4) is infeasible for ‫ܷܯܦ‬ ൌH that means H will not become efficient by deleting all of the efficient units A, B D, G, J, K and L.
Conclusion
In this paper first a system has been presented to show whether an inefficient ‫ܷܯܦ‬ becomes efficient or it still preserves its inefficiency through deleting an extreme efficient DMU. If the presented system is feasible then it becomes efficient and if it is infeasible then it preserves its inefficiency. The presented system has been generalized for deleting multiple DMUs. Furthermore a model has been presented to determine the minimum number of DMUs among a special set of DMUs that is necessary to delete for making an inefficient DMU to efficient one. For future studies, this idea may be used for ranking DMUs. Finally the mentioned systems and model have been utilized for a set of DMUs and the results have been reported.
